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Abstract. In this paper we study the expressive power of Horn-formulae 
in dependence logic and show that they can express NP-complete prob- 
lems. Therefore we define an even smaller fragment D*-Horn and show 
that over finite successor structures it captures the complexity class P of 
all sets decidable in polynomial time. Furthermore we study the question 
which of our results can ge generalized to the case of open formulae of 
D*-Horn and so-called downwards monotone polynomial time properties 
of teams. 



1 Introduction 

Dependence logic, D, extends first-order logic by dependence atomic 
formulae 

dep(t l5 . . .,t n ) (1) 

the meaning of which is that the value of the term t n is function- 
ally determined by the values of ti, . . . , t n _i. The semantics of D is 
defined in terms of sets of assignments (teams) instead of single as- 
signments as in first-order logic. While in first-order logic the order of 
quantifiers solely determines the dependence relations between vari- 
ables, in dependence logic more general dependencies between vari- 
ables can be expressed. Historically dependence logic was preceded 
by partially ordered quantifiers (Henkin quantifiers) of Henkin [8], 
and Independence- Friendly (IF) logic of Hintikka and Sandu [9] . It is 
known that both IF logic and dependence logic are equivalent to ex- 
istential second-order logic S03 in expressive power. From the point 
of view of descriptive complexity theory, this means that dependence 
logic captures the class NP. 



The framework of dependence logic has turned out be flexible 
to allow interesting generalizations. For example, the extensions of 
dependence logic in terms of so-called intuitionistic implication and 
linear implication was introduced in [Tj. In [IB] it was shown that 
extending D by the intuitionistic implication makes the logic equiv- 
alent to full second-order logic SO. On the other hand, in [2] the 
extension of D by a majority quantifier was defined and shown to 
capture the Counting Hierarchy. Furthermore, new variants of the 
dependence atomic formulae have also been introduced in [T5], |BJ, 
and @]. 

In this paper we study certain fragments of dependence logic. 
While it is known that D captures the class NP, the complexity of 
various syntactic fragments of D are not yet fully understood. Some 
work has been done in this direction: 

— All sentences of D can be transformed to a form 



where ip is quantifier-free first-order formula [13J. 

— In formulae of form (j2j), the use of those variables depending on 
others can even further be restricted; in a sense, only Boolean 
information in form of equality tests is needed. We will introduce 
this fragment D* formally and show that it is as expressive as D. 

— The fragments of D defined either by restricting the number of 
universal quantifiers or the arity of dependence atoms in sen- 
tences were mapped to the corresponding sublogics of S03 in 
[3]. Making use of the well-known time hierarchy theorem this 
implies a strict hierarchy of fragments within D. 

— The existential sentences of D collapse to FO [3], whereas the 
universal sentences can define NP-complete problems. 

The last remark above follows from the result of [TU] showing 
that the question of deciding whether a team X satisfies 0, where 





= dep(x, y) V dep(w, v) V dep(w, v) 



is NP-complete and from the observation that can be translated 
to an equivalent universal sentence of D (see the proof of Lemma [3]) . 



In this paper our main objects of study are Horn fragments of D. 
In analogy to ([2]) we first define D-Horn to be the set of formulae of 
the form: 



<p = Vx3y(/\ dep(>j, wi) A f\ Cj), 



where the Cj are clauses, i.e., disjunctions of atomic and negated 
atomic FO-formulae, that contain at most one positive formula with 
an occurrence of an existentially quantified variable. While we will 
show that this fragment is still as expressive as full dependence logic, 
we will prove that a slightly more restricted fragment, denoted by 
D*-Horn and obtained from D-Horn in exactly the same way as D* 
is obtained from D, corresponds to the class of second-order Horn 
formulae which, by a famous result by Gradel [7j, are known to cap- 
ture P over finite successor structures. The result of [7] thus allows 
us to conclude that the sentences of D*-Horn also capture P. Anal- 
ogously to [7J, our capturing result holds over successor structures, 
i.e., all structures considered have a built-in successor relation and 
two constants. An interesting question is whether D*-Horn can be 
somehow extended to approach the major open question of descrip- 
tive complexity, whether there is a logic for P properties of structures 
in the absence of a built-in ordering relation. We also consider the 
complexity of D*-Horn formulae with free variables and show that (a 
slight generalization of) the open formulae of D*-Horn capture the 
downwards monotone P properties of teams. This result generalizes 
the result of [TT] . 

This article is organized as follows. In the next section, we intro- 
duce dependence logic and some of its basic properties. We also recall 
Gradel's characterization of P in terms of second-order Horn logic. 
In Sect. [3] we define our fragments of dependence logic, the Horn 
fragment and the strict Horn fragment. In Sect. H] we present our 
characterization of P, and in Sect. \5\ we consider the open formulae 
of D*-Horn. 



2 Preliminaries 



2.1 Dependence Logic 

In this section we will define the semantics of dependence logic. De- 
pendence logic (D) extends first order logic by new atomic formulae 
expressing dependencies between variables. 

Definition 1 ( [13] ) . Let t be a vocabulary. The set of r -formulae of 
dependence logic (D[r\) is defined by extending the set of t -formulae 
of first order logic (¥Q\t\) by dependence atoms of the form 



where tx,...,t n are terms. 

In this paper, we only consider formulae in negation normal form; 
this means that negation occurs only in front of atomic formulae. 

Definition 2. Let ip be a dependence logic formula. We define the 
set Fr(y?) of free variables occurring in if as in first order logic with 
the additional rule 



where Var(tj) is the set of variables occurring inti. A formula ip with 
Var(<yj) = is called a sentence. 

Now we define team semantics for dependence logic. Satisfaction 
for dependence logic formulae will be defined with respect to teams 
which are sets of assignments. Formally, teams are defined as follows. 

Definition 3. Let A be a set and {x\, . . . , x n } be a set of variables. 

— Then a team X over A is a set of assignments s : {xi, . . . , x n } — > 
A. We refer to {xi, . . . ,x n } as the domain and to A as the co- 
domain of X . 

— The relation rel(X) over A n corresponding to X is defined as 
follows 




(3) 



Fr(dep(ti, . . . , t n )) = Var(ti) U • • • U Var(t n ), 



rel(X) = {(s(xi), s(x n )) \ s G X} 



— Let F : X — >■ A 6e a function, then we define 



X(F/x) = {s(F(s)/x) :seX} 
X(A/x) = {s(a/x) : s e X and a G A}. 

We are now able to define team semantics. In the following def- 
inition, t (s) for a term t and an assignment s denotes the value of 
t under s in structure 21. 

Definition 4. (fTStf ) Let 21 be a model and X a team of A. Then we 
define the relation 21 \=x f as follows: 

— If if is a first-order literal, then 21 \=x <p iff f or all s E X we have 
21 \= s if, where \= s refers to satisfaction in first-order logic. 

— 21 \=x dep(£ x , . . . , t n ) iff for all s,s' G X such that tf(s) = 
tf(s>),...,t*_ 1 (s)=t*_ 1 ( S i), we have 1*{ 8 ) = t*(s>) . 



21 
21 
21 
21 
21 



-- x -.depCti,...,^) ^#X = 0. 
-x ip A if iff$L\=x?P and 21 \= x <p. 

-x ip V ¥ iff X = Y U Z such that 21 \=y if> and 21 \=z v 5 ■ 
--x iff 21 \= X (F/x) 4> for some F: X ->■ A. 

--X VxV> iffiH \=X(A/x) ?P- 

Above, we assume that the domain of X contains the variables free 
in ip. Finally, a sentence <p is true in a model % (in symbols: 21 (= <p) 
|={0} 

Let us then recall some basic properties of dependence logic that 
will be needed later. The following result shows that the truth of a 
D-formula depends only on the interpretations of variables occurring 
free in the formula. Below, for V C Dom(X), X \ V is defined by 

X \ V = {s \ V | s G X}. 



Theorem 1 ( [13J ) . Suppose V D Fr (</>). Then 21 \=x 4> if and only 
«/2l \=x\v <f>- 

All formulae of dependence logic also satisfy the following strong 
monotonicity property called Downward Closure. 

Theorem 2 ([13J). Let be a formula of dependence logic, 21 a 
model, and Y C X teams. Then 21 \=x <t> implies 21 |=y 0. 



Finally, we note that dependence logic is a conservative extension 
of first-order logic. 

Definition 5. A formula <fi o/D is called a first-order formula if it 
does not contain dependence atomic formulae as subformulae. 

First-order formulae of dependence logic satisfies the so-called 
flatness property: 

Theorem 3 ([13J). Let <fi be a first-order formula of dependence 
logic. Then for all 21 andX it holds that 21 \=x 4> if and only if for all 
s G X we have 21 |= s 0. 

In order to study the expressive power of a logic in terms of com- 
putational complexity, we have to define the notion of "capturing" 
of a complexity class. 

Definition 6. Let O be the class of all finite successor structures, 

1. e., all structures 21 with |2t| = {0, . . . , n — 1} that contain, possibly 
among other constants and relations, the constants and n and the 
relation R = {(x,x + 1) \ x < n — 2} for some n G M. 

Definition 7. 1. Let £\ and £2 be two logics. Then £\ = £2 de- 
notes that for every £\ sentence there is an equivalent £2 sen- 
tence, and vice-versa. 

2. Let C be complexity class and £ be a logic. Then C is captured 
by £, in symbols: C = £, if for all problems P C O it holds 
that P G C if and only if there exists an £ sentence <p for which 
P = {21 G O I 21 |= 0} holds. 

For dependence logic it is known that it captures NP, since D = 
E\ [13] and E\ = NP [5]. 

Theorem 4. D = NP. 

As said, one cornerstone in the proof of the preceding theorem is 
a transformation of Z'J-formulae into D-formulae. It can be observed 
that the appearing dependencies are of a very particular form. 

Definition 8 (D*). A Boolean dependence formula (D* formula) is 
a D formula of the form 




where <p is an arbitrary first-order formula, but the existentially quan- 
tified variables can only appear in atomic formulae of the form = 
or yi = yj. 

The next result shows that D* is essentially as expressive as full 
dependence logic, even in the absence of a successor relation. 

Theorem 5. 1. Over successor structures, D* = D. 
2. The logic D* can define NP -complete problems even without the 
built-in successor relation. 

Proof. It is known that NP can be captured by the class of second- 
order formulae of the form cf) = 3P\ . . . 3P n Va;0, when we allow arith- 
metic. As in Vaananen's proof we transform this into a D formula, 
see [HI Sect. 6.3]. It can be observed that the variables that appear 
as last variable in a dependence atom are only used in the form given 
in Def. E] above. This proves the first claim. 

The second claim follows from the fact that the fragment Strict 
NP, SNP, of sentences 3P\ . . . 3P n Vx0, where e FO without order, 
translates into D* under the same translation as used above, but 
SNP can define NP-complete problems. 

2.2 Horn Logic 

In this section we introduce first and second-order Horn logic and 
discuss their expressive power. 

Definition 9 (FO-Horn). A clause is a disjunction of atomic and 
negated atomic formulae, including _L and T. A Horn clause is a 
clause with at most one non-negated atom. 

Definition 10 (SO-Horn, [7]). A second-oder Horn formula is a 
second-order formula <j) of the form 

Q 1 P 1 ...Q k P k Vx/\C j , 

j 

where for alli,j, Qi G {V, 3} ; Pj are relation symbols, Cj are clauses 
that contain at most one positive occurrence of a predicate Pj. We 
denote by SO-Horn the set of all second-order Horn formulae. The 
existential fragment of SO-Horn, denoted S03-Horn, is the fragment 
where all Qi — 3. 



Theorem 6 ([?]). 



1. SO-Horn = S03-Horn. 

2. S03-Horn = P. 

3 Horn Fragments of Dependence Logic 

The Horn requirement that clauses contain at most one non-negative 
atom can also be transferred into the context of dependence logic. 

Definition 11 (D-Horn). A D-Horn formula is a D formula of the 
form 

= Vx3y(/\ depO;, A /\ Cj), 
» j 

where Zi C x ; eac/i iw, zs an existentially quantified variable, and 
each clause Cj contains at most one positive atomic formula with an 
occurrence of an existentially quantified variable. 

As we will later show, the D-Horn fragment is essentially as ex- 
pressive as full dependence logic, as it can express NP-complete prob- 
lems, even without successor. But we will prove that a subfragment 
that informally uses only binary information about the dependent 
variables, exactly in the same way as in the logic D* introduced 
above, has a possibly lower expressive power, since it corresponds to 
polynomial time computation. 

Definition 12 (D*-Horn). A Boolean D-Horn formula (D*-Horn 
formula) is a D-Horn formula 

(p = Vx3y(/\ dep(X, wi) A f\ Cj), 

i j 

with the additional condition that the existentially quantified vari- 
ables can only appear in atomic formulae of the form yi = or 
Vi = Vy 



4 Expressive power of the Horn fragments 



4.1 D*-Horn captures P 

In this section we investigate the expressive power of the fragments 
D-Horn and D*-Horn. We start by proving that the latter logic cap- 
tures polynomial time. 

Theorem 7. The logic D*-Horn captures the complexity class P: 
P = D*-Horn. 

We prove the theorem with the two following lemmas. 

Lemma 1. SO-Horn C D*-Horn. 

Proof. By Theorem [6j it suffices to show the claim for S03-Horn. 
Let 

cj ) = 3P 1 ...3P r yx/\C j 

3 

be a S03-Horn sentence. First we replace quantification over rela- 
tions by quantification over functions in 0. This is achieved by cod- 
ing each relation Pi by its characteristic function. Furthermore, the 
clauses Cj of <fi are replaced by clauses Cj acquired by replacing the 
atomic formulae Pi(~z) by Fi(z) = 0. After these transformations, we 
get a sentence <$' which is logically equivalent to <p, where 

0' = 3F 1 ...3F n Vx/\C' J . 

3 

In dependence logic, the functions Fi will be translated by existen- 
tially quantified variables. For this reason, each occurrence of Fi in 
(j)' has to be of the form Fi(~z~i) for some unique tuple Zi of pairwise 
distinct variables. This can be accomplished analogously to Theo- 
rem 6.15 in [13]. First, one by one, we replace each occurrence of 
every term Fi(t), where t = . . . , in 0' by a new term Fi(w), 
where w = (wi, . . . , Wk) is a fresh tuple of pairwise distinct variables 
quantified universally, and use the equivalence of A. Cj(i^(t)) and 

V^J( /\ w p = t p -» ^[Fi^/Fiit)})- (4) 
i<p<fc j 



In this way, /\ • Cj is transformed to an equivalent formula containing 
only simple terms of the form Fi(w). It is easy to see that using 
distributivity laws of FO, the quantifier- free part of formula (jl]) can 
be translated to a conjunction of clauses satisfying the condition of 
Definition [101 i.e., these transformations do not carry us outside of 
S03-Horn. 

Let us now assume that all occurences of the symbols Fi are of 
the form Fi(w) for some tuple w of pairwise distinct variables. We 
still need to ensure that for each F t the tuple W is unique. Suppose 
that this in not the case, i.e., assume that contains two occurrences 
Fi(z) and Fi(z') of the same Fi but with different tuples of variables. 
Now the idea is to replace all occurrences of Fi(z') by G(z'), where 
G is fresh symbol, and use the fact that 0' is equivalent to: 

3F 1 ... 3F n 3GVx /\ C' j [G(z f )/F i (z')] A(/\z k = z' k -> F^z) = G(z')) 

j k 

(5) 

Again note that this transformation does not carry us outside of 
S03-Horn. Hence we may assume that in 0' all occurrences of Fi 
are of the form Fi(zi) for some unique tuple z~i of pairwise distinct 
variables. We apply the result of |T3] which allows us to directly 
translate <$' into D*-Horn which looks as follows: 

n 

\fx3 Vl . . . 3y n (/\ de V (zi, Vi ) A f\ C'^/ F^)}). (6) 

i=l j 

Lemma 2. D*-Horn C P. 

Proof. We prove the theorem by a reduction from the satisfiability 
problem of a fixed D*-Horn formula in a model 21, to the satisfiability 
problem for propositional Horn formulae, denoted by PHorn. This 
reduction will prove the theorem, because PHorn is P-complete as 
shown in [12]. 

Let 21 be a model with domain {0, . . . , n — 1} and 

h 

<P = Vx3y(/\ dev(z h Vi ) A f\ Cj) 
i=i j 



be a D*-Horn formula. Then we construct a PHorn formula 0(21, 0) 
as follows. 

First we take propositional variables y 1 ^ 3 for each occurrence of 
the atomic formulae yi = yj (or yj = y{) in a D*-Horn clause C, where 
i is a possible assignment of the universally quantified variables. 
Similarly we use ylf for = 0. Without loss of generality, we may 
assume that atoms yj = yj do not appear in 0. It now remains to 
give a PHorn formula which simulates the evaluation of (p in 21. 

First we define a formula enforcing the transitivity of equality 
between the variables y^ J : 

Next we define a formula which checks if a certain dependence 
atom dep(zi,yi) is satisfied. The following formula ensures that if x 
and x' agree on the values of then the corresponding values of yi 
must satisfy the same equalities: 

o,, v . A f\0^& 

x[Zi=x'\Zi j 

Finally we define the propositional formula which evaluates the clauses 
of the D*-Horn formula. Suppose Cj — \/ t ipi V \J k ipk is a clause of 
<f, where ipi are disjuncts without occurrences of the existentially 
quantified variables and ip k are disjuncts with at least one such oc- 
currence. Since the formulas ipi are atomic FO formulae we can eval- 
uate these formulae, for a fixed x, in polynomial time. If one atomic 
formulae ipi evaluates to true we set the corresponding PHorn clause 
to true, otherwise to Vfe^fc' where each occurrence of = yj is 
replaced by y^ J . 

^clauses = f\ f \ 

X j 

Note that all conjunctions over the variable assignments x can be 
done in polynomial time over the size of the domain of 21. The 
boolean formula <£(2l, 0) is now defined as follows: 



0(21, 0) = A ^ de Pi A ^ trans A ^clauses 
i 



Note that all of these sub formulae are Horn formulae or logically 
equivalent to a Horn formula. 

Corollary 1. D*-Horn restricted to formulae with k universal quan- 
tifiers captures a subclass of TIME(n fc+1 ). 

Proof. If in the above proof the initial formula has k universal quan- 
tifiers, the obtained propositional Horn formula $ will have size n k . 
The construction of <P takes time n k ■ n, since for each of the as- 
signments to the universally quantified variables the fixed formula 
has to be evaluated. The claim now follows since evaluation of Horn 
formulae is in linear time. 



4.2 D-Horn expresses NP-complete problems 

In the rest of this section we turn to the logic D-Horn. We show 
that it is essentially as expressive as D by proving that the following 
NP-complete problem DS can be expressed in D-Horn. 

there is a set V C V, \V'\ < k, such that"! 
for every v G V\V there is a u G V with ^ . 

(u, v) 



DS={ (G = (V,E),k) 



e E J 
Theorem 8. DS can be defined in D-Horn, even without successor. 
Proof. Consider the following formula 

cj) = \/x yx 1 yx 2 3y 3y 1 3y 2 (dep(x ,yo) 

A dep(xi,2/i) A dep(x 2 ,y 2 ) 

A {xi =x 2 ^y 1 = y 2 ) A (yt = y 2 ->• x x = x 2 ) 

A E{x , y ) A (y = x 1 P(yi)) . 

(7) 

We claim that (G, k) G DS ^ (G*,k) G DS ^ (G*,P) \= (p, 
where P is an arbitrary unary relation that contains k nodes and G* 
extends G by self loops. 

To see this, note that the atoms in the second and third line 
in (jTJ) define a bijection / under which x\ is mapped to y± (this is 
analogous to the example on p. 51 in [2]). The rest of the formula 
ensures that every node x is connected by an edge to some node 
yo and y® is in bijection with some element in P. Since there are 
only k such elements, we express existence of a dominating set of 
cardinality k. 



5 The case of open formulae 



In this section we study the question if Theorem [7] can be generalized 
to a characterization of the downwards monotone P properties of 
teams by open formulae of dependence logic. 

Theorem H] shows that sentences of D correspond to sentences of 
S03. Note that this result does not tell us anything about formu- 
lae of dependence logic with free variables. An upperbound for the 
complexity of formulae of D is provided by the following result. 

Theorem 9 ([13J). Let r be a vocabulary and (p a D[r]-formula 
with free variables x±, . . . , x k . Then there is a r U {R} -sentence ip of 
S03, in which R appears only negatively, such that for all models 21 
and teams X with domain {x±, . . . ,Xk}: 

21 \=x<P (2l,rel(X)) \=i/>. 

In [11] it was shown that also the converse holds. 

Theorem 10 ([11]). Let r be a vocabulary and R a k-ary relation 
symbol such that R ^ r. Then for every r U {R}-sentence if) of S03 ; 
in which R appears only negatively, there is a r-formula (ft o/D with 
free variables xi,...,Xk such that, for all 21 and X with domain 
{xi, . . . ,x k }: 

21 hx <f> « (21, rel(JT)) |= tfj V Vy^R(y). (8) 

Theorem [TUl shows that formulae of dependence logic correspond in 
a precise way to the negative fragment of S03 and are therefore very 
expressive. We will next proceed to generalize Theorems I§1 and [TUl to 
open D*-Horn formulae and downwards monotone properties in P. 
For the analogue of Theorem [TOj we need to move from D*-Horn to 
a slightly more general class of formulae. 

Lemma 3. Let r be a vocabulary and if G D*-Horn[r] with free 
variables Z\, . . . , z k - Then there is a r U {Resentence ip o/D*-Horn 
in which R appears only negatively, such that for all models 21 and 
teams X with domain {z\, . . . , z k }: 



2lhx0 (2t,rel(X)) \=$. 



(9) 



Proof. Suppose that (p is of the form 

» 3 

As generally showed in Proposition 5.4 in [3], 99 can be translated to 
a D sentence if)' satisfying the equivalence (J9j: 

1// = Vz(-iR(z)V(p). 

Therefore it suffices to show that if)' is equivalent to some D*-Horn 
sentence if). We may assume that the variables in x and y do not 
appear in -<R(z), hence if)' is equivalent to 

Vzx3y{{/\ dep(zi, Wi ) A /\ C 3 ) V -.#(2)). (10) 

» 3 

The proof of Lemma 3.2 in [3J shows that the following subformula 
of (HUD 

dep(zi, it*) A /\ CT,-) V -.#(*)) 

i 3 

is equivalent to 

3y(/\dep(z,,^) A (/\C, V ^R{z))). 

* i 

Therefore, the sentence -0' is logically equivalent to the sentence 

Vzx3y(/\dep(zi,Wi) A (/\C, V -.£(*))). (11) 

* 3 

Note that since (f\jCj V is first-order, Theorem [3] implies 

that (1111) is equivalent to the D*-Horn sentence if) 

if) = Vzx3y(/\ dep(z h Wi ) A f\ Cj), 
* j 

where (7j is Cj V ->R(z). 

Note that, by Theorem [7] and Lemma [3], any D*-Horn-definable prop- 
erty of pairs (21, X) (i.e., property of r U {R} structures (21, rel(X))) 
is in P. We will next consider the converse inclusion. 



Definition 13. A class D of structures is downwards closed with 
respect to R if for every structure 21 the following holds: if 21 £ D 
and Y C R 21 then 21' £ D, where 21' arises from 21 by replacing R 
byY. 

We will first note the following. 

Lemma 4. Suppose (p £ S03-Horn[rU{-R}] defines a problem which 
is downwards closed with respect to R. Then there is an equivalent 
if* £ S03[r U {R}] such that R appears only negatively in p* . 

Proof. Suppose (p £ S03-Horn[r U {R}] is of the form 

3P 1 ...3P k Vy/\C i . 

i 

It is easy to check that p is logically equivalent to ip 

ip = 3R'(Vx(^R(x) V R'(x)) A f[R'/R\), 

where in ip[R'/R] all ocurrences of R are replaced by R' . Now ip can 
transformed into 

p* = 3R'3Px . . . 3P fc VxVy(/\ Ci[R'/R] A (^R(x) V R'(x))), (12) 

i 

showing the claim. 

Note that the sentence (p* of ( I12p is not necessarily in S03-Horn, 
since the Horn condition of the clauses Ci[R'/R] might be lost due 
to the replacement of R by the existentially quantified R'. 

Define Quasi D*-Horn[r] by augmenting D*-Horn[r] by a new 
D-formula O^z) for <p £ S03-Horn[r U {R}]. The formula is de- 
fined by translating the sentence p* (see Lemma HI) into dependence 
logic as in Lemma HJ and by replacing the subformula ->R(x) by 
Vi<i<k^Ui = z i- The definition of ©<p(z) agrees with the translation 
of Theorem [TO], and hence the following results can be now stated. 

Theorem 11. Let D C 0[rU{-R}] be downwards closed with respect 
to R. Then D £ P iff there is a Quasi D*-Horn[r] formula ip with 
free variables zi, . . . , Zk such that for all models 21 and teams X ^ 
with domain {zi, . . . , z k }: 



2lhx^ 



(2l,rel(X)) £ D. 



Proof. Note first that if ip G D*-Horn[r], then by Lemma [3] and 
Theorem [TJ the claim holds. Also, if ip is of the form V for (p G 
S03-Horn[r U {R}], then the claim holds by Theorem [TU1 

Assume then that D G P. Then by Theorem [7J .D is defined by 
some ip G S03-Horn[r U {R}]. Now by Lemma H] -D is also defined 
by f* 

ip* = BR'BP! . . . 3P fc VxVy(/\ Ci[R'/R] A R(x) ->• 

i 

By Theorem [TDl the formula <9 V will now satisfy the claim. 
6 Conclusion 

Inspired by Gradel's second-order characterization of P, we have 
studied two fragments of dependence logic D. While the first restric- 
tion to Horn formulae still yields the full power of NP, the more 
restricted type of Horn formulae captures the class P. Furthermore 
we obtained a characterization of the downwards P properties in 
terms of open D formulae. 

We conclude with the following open questions: 

1. We showed that the model checking problem for the fragment of 
D*-Horn with k universal quantifiers can be solved in TlME(n k+1 ) 
(see Corollary [1]) . It would be interesting to prove a converse in- 
clusion, i.e., that TIME(n fc ) can be captured by D*-Horn with k' 
universal quantifiers, for some constant k! > k. 

2. We showed that D-Horn can express NP-complete problems. The 
sub-logic D*-Horn captures P over successor structures. This im- 
mediately leads to the question what the expressive power of 
D*-Horn without successor is. 

3. In Sect. [5] we were not quite able to transfer our previous re- 
sult to the case of open formulas, but had to consider a slightly 
larger fragment. Is it possible to replace Quasi D*-Horn[r] by 
D*-Horn[r] in Theorem [TIP 
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